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,• thlŽ a LeO we sBait a;how that toi o P-rf . dmped solid, there

a~~~~~~~ b~p~ reainhpbtee o ne~ ode frsun acc Ltd,-responding

reiaxatic'n ttnto Thc etolutkon of cho r txir .2cime di.sributton func-

:>z 4re:blem the-eby zCJ-c CeS t•o obtainit. the n.utm *. modc requency spec-

of ... th3 e .rrc v. This -,cet.en za's p Ž w' isAted by one of

u,, aao is r cvtov (uithiz ce1tatn l:u'utstjns . " th!i niote.

The thermal energ, ,. a crysta• l %)r g]s connraimg N particles is

reflected i½• toe s-m~zi vistions of these pnrtsces. about their equilib-

r 'wm p,&itiims in the l 'tice 0  7h- coT.iorive motion can be analyzed in

terms of xncrnal mode lattice vibx-rat•cr.s, each mode ha,,ing a chrractcristic

frequency. The frequency distribution 1' of great importance in calcu-

lating the specific heat of the solid, For the onc-dimensional array, an

exact frequency distribution has been derived in the cIasic work of Born

and von Karman2 . Fo. an isotropic three-dimi.isional solid, the frequency

di.c;tribution may only be approximated (Debye, Blackman, eter).

Consider a lattice in whzch the motion of each particle is uniformly
rth

damped. The equ,.ion of motion of the j particle in the absence of

external forces i!:

m.x tfkj + L ai 3 xj =O (i)

j 1, 2, . *



thhwhere x,(t) is the displacement from equilibrium of the j' bead of mnaz;8 rt

constants between tbe ith and jth particles. In a one-dimensio%.;l lattice

with nearest neighbor interactions only, the sum reduces to:

(2x. x _ xj+l) (2

where (Y is the force constant between adjacent particles.

Equation (1) may be put in the form:

q + f4 + kqn 0 (N)

n = 1, 2, . . . N

b y an appropriate transformation of coordinates. The qn(t) are the

no,-mai coordinatzs of the motion.

Equation (.) is readily solved, and with the initial conditions

that qn(0) - consz. and 4 (0) = 0,

qn(O) n -s. n -s n
q(t) sn e +

q - Sl + C ~ (4)n S S
+

where
n 1-
± 2n n

vith

6 nmk /f 2
n n

Now in the strongly overdamped limit (6n 0) and for times longer than

t -- 4m/f(4 - fn), the first term of Equation (4) dominates and the normal

mode displacement decays in time according to:

-t/r
(qn(0)qn(t))>• (q2n(0))e n(6)
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(7)
n

is the char.teristic angular frequency of the undamped mode.

thEquatio i On fo{ the relaxation time associatel ,<ith the nt normal mode

is fuw••ia.,entai ti;,.e ptresent work and is seen to be independent of the

diteesio.a ity of the oscillator array. Such a relation was proposed to

hold in all i.....nsons by one of us in 9lq2. We see here that the

r ostulate is t-cue in the overdamped case and at long times. For very

short tinesy C( decays as a Gaussian.

The Rouseo-Bueche (' theory:?" of polymer viscoelasticity can be

derived as a sncial case of the equations presented here. Since we are
dealing with a liniar lattice in this case, equation (2) must be sub-

st.t.uted for th(.e third term in equation (1). The censtant a for the RB

theory is an entropic force copstant (from rubber elasticity theory)

ecual -o 5kT/-,-2 _,here er2 ia tlhe mean square length of a Gaussian segment.

The trequencts, ; are g'ven by the Born-von Karman solution, namely

nn
(8)

n 1, 2, . . . , N

(The normal coordinate trearment of the linear lattice is given in Wanniert.)

The relaxation times are related to the frequencies by our general solution,

Equation (7), and hence are

nIT fNB
Srn f/Ua sirýa " C2ne, for large N (9)

2, , N

in our general theory, prestnred in Equations (1-7), the force constants

may be of' any type (energetic or entropic) and Equation (f) is valid for a

.S
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lattice in one, two or three dimensions. Equation (7) provides a

unique connection between the relaxation tIme spectrum and the :.requency

distribution as uiscussed in reference 1. An application of Equation (y)

to the theory of the viscoelastic response of polymeric and simple

organic - glasses is discussed in reference (6).



References

i. A. V. Tobolsky, J. Chem. Phys. ,_ 1575 (190(2).

2ý R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics.
(Cambridge at thp University Press, 1956), Chapter IV.

5. P. Rouse, J. Chem. Phys. 21 1272 (1955).

4. F. Bueche, J. Chem. Phys. 2!, 603 (1953).

5. G. H. Wannier, Elements of Solid State Theory (Cambridge Uni-
versity Press, 1959).

6. A. V. Tobolsky, J. Polymer Sci., Part C % 157 (1965).

i I
4 . . . . . . .



if*7

° Un=larsifiedi

Security Clasification

DOCUMENT CONTROL DATA- R&D
(5U. rtdy 0ammificatfon of titlf boo of ebstract and indexing a ottn must be onered when the oveeal report is c Ilossiied)

I ORIGINATING ACT IVIY (Co to,-ets author)t 126 APO T IP CURITY C LASWFICATION
Frick Chemical LaboratoryI Uncassified
Princeton Universit, a 000up

PrinceLon, New Jersey 0854C
3. A POIT TITLE

RELAXATION TIMES AND NORMAL MODE FREQUENCIES

4. OESCRIPTIVE NOTES (Type of repott End Incbi, datea)

S. AUTNON (L.et name. tra nmore, hitil)

DuPrA, Donald B.
Deutch, J. M.
Tobolsk), A-thur V.

6. FtEPORTr DATI [ ,. TOTAL -;* O- lsACK 7. NO OPr RPs
October, 1967 5

Ie., CONTRACT OR GRANT NO. CA*. ONIGINATOP'S R•iPORT NUMCE1'S)

NONR-IR58(07)' RLT - I00
S PROJI[e'T NO.

0. NR 56-377 95. TH OT N0(3) (Any oeo nur'ee m es that may b. *e*igned

10. AVA ILASILITY/LIMITATIOIN NOTICEC

Qualified requesters may obtain copies of this report from DDC

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Office of Maval Research

13 ABlSTRPAC T

A simpi- relationship between normal mode frequencies and

teiaxation times Known to hold for damped one dimensional solids

hae been proven to obtain in all dimensions. Utilizing this

relationship, the solution of the rela.-tion time distribution

function problem reduces to the consideration of normal mode

frequency spectrwn of the array in question, irregardless of

dimensionality.

Cm

DD j ? 1473 Unclassified
Se,( irity Classificaton



[Inc ILass if ied
Securat C~assification

4LINK A LJNý 9 LINK C
KEY WORDS OE W O e c' U

INcrm'Pid n14 frciquer-cy'

Damped harmonic lat,-ce

Thermal energy

Equation of mon~o

Polymer viscoelasticy

INSTRUCTIONS
1. ORIGINATING ACTIVITY: Enter the name and address imposed by security classification, using standard statements
of th- contr-c-tor, subcontractor, grantee, Department of De- such as:
ferise activity or other organization (carporat6 author) issuing (1) "Qualified requesters may obtain copies of this
the etifort. report from DDC.."
2... REPORT SFCUR171 t' CLASSIFICATION: Enter the over- (Z) "Forign annucmnt and dissemination of this
all ,ecurity classificstic- .' !-- -".nprt. Indicate whetherreotb Disntuhr zd
"Restritted Data" is included. Marking is to be in iaeorcy Doirotathrze.
ance with appropriate security regulations. (3) "U S. Government agencies may obtiain copies of

this report directly from DDC. Oth'er qualified DDC
2h. GROUP: Automatic downgrading is; specified in DoD Di- users shall request through
rective 5200. 10 and Armed Forces Industrial Manual, Enter
the group number Also, when applicable, show thst optional
mrrkings hdct' been used for Group 3 and Group 4 as author- k4) "U. S. miulitary agencies may obtain copies of :has
2 ie i report directly from DD('- Other qualified users

.1. , PORT TITLE: Enter the complete report title in all shall request throuag"
,capital letter-. T ttle- in oll caser should he urciassified.'I
If .i treainrgful it~te can~not br selected wit'iout classifica- 

-5 Aldsrbto ftisrpr ncnnle.Qa-
liii. show title ilayssficatinn in all capatals in parenthesis S l ~iiu~no hsrpr scnrie .jl

otitireatel y toll owing the Ut Ic. itied DIX' users #hall requesat through

.1. tF;('RII-'iiVF NOTFSR If appropriate, enter the type of_____
reltort. e.g., rr: ,rirm,. proginsx, &umrrary, annual, or final. !1 the report has been furnushed Ithe Office ,( Technical
(live the inolus, ie diAtes whet, 4 specific reportinr eidi Serv- vs. Delpartmentl of Commerc e. for sale to the public., indi-

,t~~rcate this f-!t and enter the price, if known,
".AUTWWS)R I ruer the namets) ,1 outhorqs) an shown on It SUPPLIAEMENTARY NOTES.. U;%! for additional exploits-

"tin Ilia, rri. Eot ri tosat name, first name, middle initial, toTy nets.
if -I tam., stOx- rank ,ojbranch of serv ice, The name of
Ithe ri . i;ral .to tt,. an arbsoilute minimuim re~quirement 12_' SPONSORING, MIIATARY ACT'VITY: Frerv the name of

the departmental protect office or lahoratoty aponsortn& (pas-
ti. REPORT I' AT"- Enter the date of the rep rt as diay., nag ior) the research and development. Inc lude address.

orthoer, or month. year. If more than one date oppearts
ý,n the report, use -.Ate of puhlication. 13 ABSTRACT Entier an abstrsct giving a brief anti factual

'm TTAI NUMJFROF PGES Thet,,&I pge oun summary of the doucment indicative of the report. ever though
Al OA fl,, norma~l( OFino PAGES:The toal page. eonte th it may also appear elsewhere in the bodly of tOe technical ra-

sh ,ctfoloisnoral agiatrn por durs. ~e. ener he port It additional space is required, a continuation iiheart ahasl
Tmlerf oif pages containing nftormatton. he attached

NUMHEIR OF REFF.REN('ES Enter the total number of i It )s highly desirable that the ahehaict oft classified reports
rt ene , ited in the report. beunclitsaifird Each paregrrph of the abstrac-t shall end wilth

m ('ON rkA kr OR GRANT NltMtI.'R If sprpnriate, entor an iiidic ation of the military se-curity i lossifo( ation of the art
oi, Aj;,i cale number of the ýontract orf grant iisde wh.,ch fornsltvi~ in the paragralt. repiresanted as ( s) (3 'ci -, fU

0) 0--- -ait wriflter There ao no limitation in, the length of the obstrac t How-
8,.A.& 8,1. PROJECT NUMBER: Frnter the appropriate jever, the suggested length is from I W I t, .2 words

milittary dejpirtmeni identification, suc h as protect nuber, 1 E O~SKywrsaetcnclymaigu ts
*ut¶-ti~eI nmbe, sste nmbes, asknumere~c Ior shoirt phrases that characterize a port arnd may be used as

O~(RIGINATOR" REPORT N"UM13ERS)- Enter the off)- I index entries for cats ginag !he repo~rt Kev wor-rs muot be
alreport number by which the docurrert wdt be iderai died i selected so that no security inifttn is required Ident I

anil ontrolled byI the originating actis it,. This number must j fie:' suc-h as equmipmlent modelr -ivsignotion. trade iArnue militi~ry
io. toý. -evrt. 1proterct code name. Ile graphic lccation. inav be usedr as key

0 OTttt'i RFEPORT NI %4pF.Ri) If the rape-ti has been words hut will be fol'(oed by an indicatton of or-h'- al conm
.aitec sos her rejport numrbers (eisher fit the originator !eat TIhe aesarnrnent (,I links, rules, and wetghta a4 op ionst

1'' 1h, ails' t. eort enter this njmber( sI.

0.AVAILAIHRA~TY L.!MITATION NOTICEFS: F~nte: any lint-

'is n trao her cliisemrnintion of the report, o~ther than those:,

secutlth Class!': ittionl


